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1. Introduction 

In this paper we introduce and study a multivariate arithmetic Tutte 
polynomial. Recall that the Tutte polynomial is a bivariate polynomial with 
several well-known specializations: for instance the chromatic polynomial 
of a graph, or the characteristic polynomial of a hyperplane arrangement 
can be obtained by specializing the Tutte polynomial. Also, its coefficients 
are nonnegative, as proved by Crapo by providing an explicit combinatorial 
interpretation [5| I14j. 

Recently an arithmetic version of this polynomial has been studied [TJ [T0\ 
111) . Namely, to a finite list C of elements in a finitely generated abelian 
group G, one associates an arithmetic Tutte polynomial. This is a bivari- 
ate polynomial that encodes several geometric, algebraic and combinatorial 
invariants. For instance: 

• the characteristic polynomial of the generalized toric arrangement 
T{C). This is a family of submanifolds in the abelian compact Lie 
group Hom(G, S^) (see pOl, Section 5]); 

• the Hilbert series of the Dahmen-Micchelli space DM{C). This vec- 
tor space was introduced in order to study vector partition functions 
(see [ini Section 6]); 

• the Ehrhart polynomial of the zonotope Z{C) (see [101 Section 4] 
and [8]). 

Furthermore, the arithmetic Tutte polynomial has applications to graph 
theory [8], and it has nonnegative coefficients, as proved in [7j by providing 
a combinatorial interpretation that extends Crapo's theorem. 

The Tutte polynomial is naturally defined in the general framework of 
matroids, while the arithmetic Tutte polynomial is associated to an arith- 
metic matroid A, which is a matroid equipped with a multiplicity function 
m satisfying additional axioms. When A is represented by a list of elements 
in a finitely generated abelian group, the function m encodes arithmetic 
information, just as the rank function encodes linear-algebraic information. 

Recently Sokal [T3] studied a multivariate generalization of the Tutte poly- 
nomial. The multivariate Tutte polynomial has a variable Ve for each element 
e of the matroid (or edge e of the graph), and an extra variable q. If all the 
variables Ve are set to be equal, we obtain a bivariate polynomial which is es- 
sentially equivalent to the standard Tutte polynomial. In the case of graphs, 
the polynomial is known to physicists as the partition function of the q-state 
Potts model, which along with the related Fortuin-Kasteleyn random- cluster 
model plays an important role in the theory of phase transitions and criti- 
cal phenomena. In this paper we introduce a multivariate arithmetic Tutte 
polynomial 

ZA{q,^) := J2m{A)q-'^'^(^^llv,. 

ACE eeA 

(Here E is the ground set of the arithmetic matroid A, while rk and m 
are the rank and the multiplicity functions, respectively). As the name 
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suggests, Z_A{q,v) generalizes the polynomials above. It is naturally defined 
starting from an arithmetic matroid, or more generally from what we call a 
pseudo-arithmetic matroid (see Section [2]). In fact, our polynomial encodes 
all the structure of the (pseudo-)arithmetic matroid, i.e., it is possible to 
reconstruct A from Z_4(g,v). 

For this polynomial we prove a deletion-contraction recurrence (Lemma 
13. 2p and a generalization of Crapo's formula (Theorem 14. 4p . 

We also give a new proof of the nonnegativity of the coefficients of the 
(bivariate) arithmetic Tutte polynomial in the more general framework of 
pseudo-arithmetic matroids (Theorem l3.6p . Moreover, if A is represented by 
a list C of elements in a finitely generated abelian group G, then in Theorem 
16.31 we give a geometrical interpretation of such coefficients, generalizing 
various formulae proved in [71 [10] . 

When A is represent able, we also provide a Fortuin-Kasteleyn formula for 
Zj[{q,v) (Theorem 17. 7p . with applications to arithmetic colorings. This can 
be seen as a generalization of the "finite field method" for computing the 
characteristic polynomial or the Tutte polynomial of a rational hyperplane 
arrangement [U [21 [15] , as well as a generalization of a similar result for toric 
arrangements [9]. We also introduce a generalized "fiow polynomial" with 
applications to arithmetic flows (see Theorem 18. ip . 

Furthermore, we introduce a quasi-polynomial Z^{q,v) that interpolates 
between the ordinary and the arithmetic multivariate Tutte polynomial 
(Theorems 17.41 17.61 I7.7p . and a Tutte quasi-polynomial Qc{x,y) that in- 
tepolates between the corresponding bivariate polynomials, and specializes 
to a chromatic quasi-polynomial and to a flow quasi-polynomial. The quasi- 
polynomial Z^{q^^r) is the partition function of a generalized Potts models 
similar to the one studied by Caracciolo, Sportiello and Sokal, see [131 Sec- 
tion 3.2]. 



2. Arithmetic matroids and multivariate Tutte polynomials 

The notion of an arithmetic matroid tries to capture the linear algebraic 
and arithmetic information contained in a finite list of vectors in Z". 

Let N := {0, 1, 2, . . .} and 2^^ := {A : A (1 E}, where S is a finite set. We 
recall that a matroid, Ad, on E may be defined via its rank function, which 
is a function rk : 2^ ^ N satisfying: 

(RO) rk(0) = 0. 

(Rl) liA,B(^E and A<ZB, then ik{A) < rk(B). 

(R2) UA,BQ E, then vk{A U B) + rk(^ n B) < ik{A) + rk{B). 

If RC S C E, let [R, S] := {A : R C A C S}. We say that [R, S] is a 
molecule if S is the disjoint union S = RU F L) T and for each A € [R, S] 

Tk{A) = rk(i?) + |^nF|. 
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Note that if [R, S] is a molecule and [R', S'] C [R, S], then [R' , S'] is a mol- 
ecule. A pseudo-arithmetic matroid A = {A4,m) is a matroid A4 equipped 
with a function m : 2^ ^ M satisfying the following axiom: 

(P) If [R, S] is a molecule, then 

p(i?,5):= (-1)1^1 (-l)l''l"l^lm(^)>0. 
Ag[-R,5] 

A quasi- arithmetic matroid A = {M,m) is a matroid equipped with 
a function m : 2^ — )• N satisfying the following axioms: 

(Al) For all AC E and e £ E: 

if rk(^ U {e}) = rk(^) , then m{A U {e}) divides m{A) 

otherwise m{A) divides m{A U {e}). 

(A2) If [R, S] is a molecule, then 

m{R)m{S) = m{R U E)m{R U T). 

An arithmetic matroid is a quasi-arithmetic matroid which is also pseudo- 
arithmetic, i.e., it satisfies (Al), (A2) and (P). 

Remark 2.1. The relevance of pseudo-arithmetic matroids is clear from The- 
orem 13. 6[ Quasi-arithmetic matroids also arise in combinatorial topology 
(see [3, Remark 3.3]). As it will be shown later in this paper, axioms (Al) 
and (A2) are "algebraic" (see Lemmas 15.21 15.31) . while axiom (P) has a more 
geometrical flavour (see Section [6]) . 

The dual of an arithmetic (or pseudo-arithmetic) matroid is defined as 
the matroid with the same ground set E, rank function defined by 

rk*(A) := \A\ - rk(S) + i\i{E \ A) 

and multiplicity function defined by m*{A) := m{E\A). Notice that each of 
axioms (Al), (A2) and (P) is self-dual, so the dual of an arithmetic matroid 
is indeed an arithmetic matroid. 

Our definition of arithmetic matroid is equivalent to the one given in 
[7]. In [7], the function m satisfies five axioms. The first three correspond 
precisely to (Al) and (A2), while the others are: 

(4) If A C 5 C and rk(^) = rk(5), then p{A, B) > 0. 

(5) EACBCE and rk*(^) = rk*(S), then p*{A, B) > 0. 

Clearly, axiom (P) implies (4) and (5). On the other hand, axioms (A2), 
(4), (5) together imply (P). Indeed, by axiom (A2) 



pms) = (-l)^^\ Y ( 1)1^1+1^1-1-^11-1-^21 "^(-^ U Ai)m{R U A2) 
AiCT,A2CF 
p{R,RUT)p{R,RUF) 



m{R) - °' 

where the last inequality follows from axioms (4) and (5). 
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The main example of an arithmetic matroid is the one associated to a 
finite hst of elements of a finitely generated abelian group G, see Section \5\ 
Recall [U [H] that to each matroid A4 is associated the Tutte polynomial 

TM{x,y) = 5: (X - l)^k{i.)-rk(A)(^ _ ,^IAI-MA) 
ACE 

that Sokal [TS] generalized by defining a multivariate Tutte polynomial in 
the variables v = {ve}eeE- 

ACE eeA 

Similarly, to each arithmetic matroid A, is associated the arithmetic Tutte 
polynomial 

ACE 

see [ZlllO], that we generalize to a multivariate arithmetic Tutte polynomial: 

ZAiQ,v) ■■= Y.miA)q-'^^^^llv,. 

ACE eeA 

Of course these polynomials are also defined for a pseudo-arithmetic matroid. 
Note that 

Zm {{x - l){y -l),y-l) = {x- ir'''^^^TM(.x,y); (2.1) 
Za {{x - l)(y - l),y -l) = {x- ir'^-^^^MAix, y). (2.2) 
(By V = y — 1 we mean that each variable v^. is evaluated at y — 1). 

3. Deletion-contraction and nonnegativity 

Let A be an arithmetic matroid. Given an element e & E, the deletion of 
^ by e is the arithmetic matroid, Ai, on the set Ei := E \ {e}, with rank 
function rki and multiplicity function mi that are just the restriction of the 
corresponding functions of A. 

We also define the contraction of ^ by e as the matroid A2 on the set E2 := 
E\{e} = El, with rank function rk2 given by rk2(A) := rk(^U{e}) — rk({e}) 
and multiplicity function given by m2{A) := m{A U {e}) for all A C E2- 

Clearly, the same constructions hold for pseudo-arithmetic matroids. 

If an arithmetic matroid A is represented by a list Ce of elements of a 
finitely generated abelian group G (see Section [5j) , it is easy to check that 
the deletion ^1 is represented by the list jCei in G, while the contraction A2 
is represented by the list E2 := {ga + (ffe) a & E \ {e}} of cosets in G/ (ge)- 

We say that e € -E is: 

• free (or a coloop) if both 
rki(^ \ {e}) = rk(£^ \ {e}) = rk(^) - 1 and rk2(£^ \ {e}) = rk(^) - 1; 
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• torsion (or a loop) if both 

rki(^ \ {e}) = vk{E) and rk2{E \ {e}) = rk{E); 

• proper otherwise, i.e. if both 

TkliE \ {e}) = Tk{E) and rk2(S \ {e}) = rk(^) - 1. 

Remark 3.1. An interval [R, S] is a molecule if and only if, after contracting 
the arithmetic matroid defined by S by all the elements in R, each of the 
remaining elements is either a coloop or a loop. In this sense we use the 
word "molecule" in a slightly more general meaning than in [7]. 

Let A be an arithmetic matroid, and let Ai and A2 be its deletion and 
contraction by an element e (z E. 

Lemma 3.2. 

Z (q v) = I ^-41(9, v) + Ve v), if e is a loop; 

\ ZAi{q,v) + {ve/q)ZA2{q,^), otherwise 

Proof. Decompose Z_4(g,v) as 

ZA{q,^)= E rniA)q-^^^^^l[v,+ m{A)q-^^^^^ Hv,. 

ACE,e(^A e&A ACE,eeA e€A 

e ^ A, then rk(A) = rki{A). Hence the first summand equals Z_4j(g,v). 
On the other hand if e (z A, then rk(^) = rk2(yl) + e, where e = if e is a 
loop and e = 1 otherwise. Thus 

E m(^)g--k(^) n = E rn2{A\e)q-''^'^^\''>-^ J] 
ACE,e€A e€A ACE,e€A b<=A\e 

= Veq~^Zj\,^{q,w). 

□ 

We end this section by proving that the coefficients of the arithmetic 
Tutte polynomial of a pseudo-arithmetic matroid are nonnegative. Let B be 
the set of bases that can be extracted from E, and B* = {E \ B : B G B} 
the bases of the dual matroid. Fix a total order on E, and let B € B. An 
element e G E \ B is externally active on i? if e is dependent on the list of 
elements of B following it (in the total order fixed on E) . An element e (z B 
is internally active on B if in the dual matroid e is externally active on the 
complement B'^ := E \ B e B* . 

Denote by E{B) the set of externally active elements and by e{B) its 
cardinality, which is called the external activity of B. In the same way, 
denote by I{B) = E*[B'^) the set of internally active elements, and by i{B) 
its cardinality, which is called the internal activity of B. The proof of the 
following two results may be found in j5], see also [3]. 

Proposition 3.3. Suppose that Ai is a matroid with ground set E and set 
of bases B. Then: 
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i) 2^ is the disjoint union 

2^= \J[B\I{B),BUE{B)]; 

ii) for each B e B, [B \ I{B),B U E{B)] is a molecule with F = I{B) 
and T = E{B). 

We note that Proposition 13.31 together with Lemma 13.21 immediately im- 
pHes the following expression of the multivariate Tutte polynomial of an 
ordinary matroid A4. 

Corollary 3.4. 

BeBiel(B) beB\I(B) e£E{B) 

Lemma 3.5. Let [R,S] = [R,Ryj F VJT] he a molecule in a matroid M., 
and let m : E —^M be arbitrary. Then 

m{A)ix - l)MS)-MA)^y _ i)|A|-rk(A) 

A£[R,S] 

= Yl piR^L,S\K)x\''\y\'^\. 

KCF,LCT 

Moreover if {Ai,m) is an arithmetic matroid, then 
Y HA)ix - iyHS)-MA)^y _ i)|A|-rk(A) 
Ae[R,S] 

Note that p{R, R\J{F\ K))/m{R) is an integer by Axiom {Ai). 

Proof. For the first equality, 

Y - l)'^k(5)-rk(A)(y _ i)IAl-rk(A) 

Ag[/?,5] 

Y m(i?U^iU^2)(x-l)l^\^2l(y- 1)1^^1 

AiCT,A2CF _ft'CF\A2,LCAi 
= Y ^"^'2^"'' E (-l)l^il+l^2l+l^l+l^'l+l^lm(ii UA^U A^) 

K,L LCAiCT,A2CF\K 

= Y /'(^UL,5\K)xl^lyl^l 

KCF,LCT 
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The second equality follows from the first using Axiom {A2): If Ai C T \ L 
and A2CF\K, then 

m{R U L U Ai)m{R U A2) 



m{RULuAi UA2) 
p{RUL,S\K) 



m{R) 

But then 

p{R UL,RU T)p{R, RUF\K) 



m{R) 

so the sum factors as claimed. □ 

Theorem 3.6. The coefficients of the arithmetic Tutte polynomial AI^{x,y) 
of a pseudo- arithmetic matroid A are nonnegative. Moreover, pseudo- arithmetic 
matroids are the most general objects closed under deletion and contraction 
and such that the associated arithmetic Tutte polynomials have nonnegative 
coefficients. 

Proof Consider the molecule [R, S] = [B \ I{B),BU E{B)\. By the first 
equality proved in Lemma 13.51 the polynomial 



A&[R,S] 



m 



has nonnegative coefficients. By Proposition 13.31 this implies that M^(x,y) 
has non-negative coefficients. 

For the second statement, notice that if [R, S] is a molecule we may con- 
tract the elements in R and delete the elements in E\S. Again by the first 
equality of Lemma 13.51 we see that the constant coefficient of the arithmetic 
Tutte polynomial of the corresponding matroid is p{R, S). 

□ 



4. Generalizations of Crapo's formula 

The following combinatorial interpretation of the coefficients of the Tutte 
polynomial was proved in [5]. 

Theorem 4.1 (Crapo). 

Tix,y) = ^x^(%^(^\ 
BeB 

We define the external activity polynomial of a basis B Q E tohe 

where p{T) := p{T,E) and e{B,T) := \TnE{B)\. 

As a consequence of Lemma 13.51 we get a simpler proof of a theorem 
proved in (Tj Section 4]. 
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Theorem 4.2. The arithmetic Tutte polynomial of an arithmetic matroid 
A decomposes as 

where E*qc{x) is the external activity polynomial of the basis B'^ in the dual 
arithmetic matroid. 

Proof Consider the molecule [R,RUFUT] where R = B\ I{B), F = I{B) 
and T = E[B). By an elementary but somewhat tedious computation which 
is left to the reader one sees that 

^^Es{y) = Y.P{R^L,RyjT)y\^\ 

and 

E*Bc{x)= p{R,Ry^{F\K))x\''\. 

KCF 

Hence the proof follows from Proposition 13.31 and Lemma 13.51 □ 

Furthermore, if A is representable, the polynomials Esiy) and E'^dx) 
have nice combinatorial interpretations, which we will give in Section [6l 

Crapo's formula has been extended in [7] to arithmetic matroids. In order 
to do that, one constructs a list in which each maximal rank sublist S 
appears p{S) := p{S, E) many times, see [7] for details. Notice that if we 
extract the bases from our list .^e, each basis B will show up exactly m{B) 
times (by inclusion-exclusion). Dually, we construct the list in the same 
way from the dual arithmetic matroid. 

Denote by B the list of pairs {B,T), where i? is a basis and B (IT J^e- 
The corresponding list in the dual will be denoted by B* . For each such pair 
{B,T), define E{B,T) to be the set of elements of T which are externally 
active for B, i.e., E{B,T) = T D E{B). Then define as before the local 
external activity as e{B,T) = \E{B,T)\. Dually, define E*{B'^,T) in the 
same way for the basis B'^ in the dual and T € »SfJ. 

Let -0 be the bijection between B and B* introduced in [7], and defined as 
follows. For each basis B, identify the pairs (i?, T) and {B, T') € B whenever 
E{B,T) = E{B,T'); dually, identify the pairs {B^,S) and (5^5') € B* 
whenever E*{B^,S) = E*{B^, S'). Then let ■0_B be a bijection between the 
pairs {B, ■) and the pairs {B'^, ■) that equidistributes these pairs among each 
others (this exists by see this paper for details and examples). Let ip be 
the "join" of all these matchings TpB,B G B. We denote by 

I{B,T) :=E*{^{B,T)) 

and we define the local internal activity i{B,T) = \I{B,T)\. 
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Theorem 4.3 (D'Adderio-Moci). 

{B,T)&B 

We will extend this theorem to the multivariate arithmetic Tutte polyno- 
mial. 

Theorem 4.4. 

{B,T)&B^^B eeE{B,T) iGl{B,Ty'' ' 

Proof. We will prove that Zj\^{q,v) satisfies the same recursion shown for 
Zj[{q,v) in Lemma 13.21 Since for the empty matroid both the polynomials 
are clearly equal to m(0), this will yield the claim. 

As proved in [7], when we delete and contract by an element e £ E, the 
equidistributed matching ip : B ^ B* induces equidistributed matchings 
ipi : Bi ^ (Bi)* and ip2 ■ B2 ^ {B2)* on the deletion Ai and on the 
contraction A2, respectively. 

First assume that e is a proper vector. By choosing an appropriate total 
order on E, we can assume that e is the greatest element. Let us split the 
sum over {B,T) € B according to e ^ B or e (z B. The first summand is 
equal to Z_4^(g, v), because (since e is the greatest element) e ^ E{B,T) for 
ah {B,T) G B, and (since e (£ B^) e ^ E*{B^,S) for ah (S^ 5) G B*. Since 
e is proper also in the dual, reasoning in the same way we conclude that the 
second summand is equal to {ve/ q)Z ji^^{q,w). 

We may now assume that A has no proper vectors, so that there is only 
one basis B. If e is a loop, e G B'^, thus e G E{B,T) for all T ^ i? and 
e ^ E*{B'',S) for all S ^ B". Let us split the sum over {B,T) G B (which 
is indeed a sum over T G [B,E]) according to e ^ T or e G T. Then it is 
easily seen that the first summand is equal to Z_4^((7,v), while the second 

to VeZ_A^{q,w). 

Dually, if e is a coloop, e (z B, thus e ^ E{B,T) for all T ^ S and e G 
E*(B^, S) for all S 3 B'^. Splitting the sum as before, we have that the first 
summand is equal to Z_a-^ (g, v), while the second is equal to {ve/q)Zj(2 {q, v). 

□ 

Li particular when all the multiplicities are 1, we get an analogue of 
Crapo's formula for Sokal's polynomial, i.e.. Corollary 13.41 

5. Representable arithmetic matroids 

Let C = {ge)e&E be a finite list of vectors in a finitely generated abelian 
group G. Recall that such a group is isomorphic to G j (B Gt, where Gt is 
finite and Gj is free abelian, i.e., it is isomorphic to Z'' for some r > 0. Then 
Gt is called the torsion of G and r := rk(G) is the rank of G. A matroid 
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with ground set E is naturally defined by its rank function rk : 2^ — ?> N 
defined by rk(j4) = rk((£A)), where Ca = ige)eeA and (Ca) is the subgroup 
generated by Ca- In addition to the matroid structure, C carries arithmetic 
information which is encoded as multiplicities. For ACE, let Ha be the 
maximal subgroup of G such that (Ca) < Ha and \Ha ■ {Ca)\ < oo, where 
\Ha ■ {Ca) \ denotes the index (as subgroup) of {Ca) in Ha- The multiplicity 
m{A) is defined as m{A) := \Ha '■ {Ca)\- For our purposes it is natural to 
express the multiplicity in other terms: Let Ga '■= {G/ {Ca)\ be the torsion 
subgroup of G/{Ca), and define m{A) := \Ga\- It is straightforward to see 
that the two definitions agree. 

The fact that the multiplicity function just described satisfies the original 
five axioms for an arithmetic matroid (and hence our axioms) has been 
verified in [7J. It also follows from the results in this paper, namely Lemma 
15.21 and 15.31 and Section [H 

Remark 5.1. The most familiar situation is when G = 17^ . However if we 
want to allow for deletion and contraction (see Section\B^ we need the above 
more general setup. 

We will denote by A^£ the matroid determined by £, and by Ac = 
(Al£,m) the arithmetic matroid determined by C. We say that an arith- 
metic matroid is representable if it comes from such a list. 

Lemma 5.2. Let A C E and e e E\A. If rk{A) < Tk{A U {e}) then there 
exists a group monomorphism Ga ^ GAu{e}- U ^^i^) = rk(A U {e}) then 
there exists a group epimorphism Ga GAu{e} ■ 

Proof. Since 

G/{Ca U {ge}) = {G/{CA))/{ge + {Ca)), 

we may assume that A = 0. Let vr : G — )• G/{ge) be the natural projection. 
Then tt is a homomorphism between the torsion parts. 

Suppose that ge is not a torsion element. If f € G is a torsion element for 
which 7r(t) = 0, then t E (g^) so that t = mge for some m € Since ge is 
not a torsion element m = 0, and hence t = 0. Hence vr is an injection when 
restricted to the torsion part. 

Suppose that ge is a torsion element. The torsion part of G/ (ge) consists 
of all elements of the form g + (ge) where mg E {ge) for some m € Z. But 
mg G {ge) for some m € Z if and only if g is a torsion element. Hence tt is 
an epimorphism between the torsion parts. □ 

Furthermore, if A C B C E are such that rk(74) = rk{B), then the 
composition morphism Ga Gb does not depend on the order chosen on 
B \ A. In the same way, if rk*(^) = rk*(i?), the composition morphism 
Ga ^ Gb does not depend on the order chosen on B \ A. Then for every 
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molecule [R, S] we have a commutative diagram 

Gr ^ Grxjf 



Grut 



Grufut 



in which the horizontal arrows are injective and the vertical arrows are 
surjective. 

Lemma 5.3. For each molecule [R, RU F UT] 

Gruf ^ Grufut 



Gr 



Grut 



we 



Proof. As in Lemma 15.21 we may assume that R = %. By Lemma 
have an epimorphism Gf ^ Gfut and hence an epimorphism 

(j) : Gf ^ Gfut/Gt- 

Now g + {Cf) G ker(0) if and only if mg G {C-t) if and only if 5 is a torsion 
element, that is, g £ G(d. Hence Gf/Gid = Gfut/Gt- □ 



6. A GEOMETRIC INTERPRETATION OF THE ARITHMETIC TUTTE 

POLYNOMIAL 

In this section the arithmetic matroids are representable. Let [R, RUFUT] 
be a molecule. Here we give geometric interpretations of the polynomials 



._ ^ p{R,RU{F\K)) 

KCF ^ ' 

and 

5[R,RUT] [x) := ^p{RUL,RU T)x\^\ . 
LCT 

By Lemma 13.51 and Proposition 13.31 this gives a geometric interpretation of 
the arithmetic Tutte polynomial (see Theorem 16. 3p . 

It is not hard to see that there is a list of vectors C = {fe)eeF C such 
that 

for all K F. Hence 

p{R,RUK) =m{R)p'{^,K), 
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where the accent refers to the hst C in Z". Let Z{K^ be the zonotope 
generated by (/e)egK, i.e., 

Z{K) := < ^ te/e : < te < 1 for all e G I . 

By e.g. Proposition 1 1 . ll p'i^^K") counts the number of interior points in 
Z{K). Let now V\R^R U F\ be the set of integer points in the semi-open 
zonotope 



\^tefe-^<te<l for all e € I 
UeF J 



and let where p G V[R, RU F] be defined as the number of e G F for 
which = in p = YleeF *e/e- 

Lemma 6.1. Let [R, RU F] be a molecule and let V = VyR, RU F\ he as 
above. Then 

Proof. Each point p £ V\R,R U F] is an interior point in Z{F \ K) for a 
unique set K. The number of zero coordinates is then \K\. □ 

Let F{R U T) be the generalized toric arrangement defined by RU T; 
this is a set of subgroups (hence submanifolds) in the abelian compact Lie 
group Hom(G, S^). Namely, we have one subgroup for each e & RU T, 
having codimension if e is torsion and 1 otherwise. Let C{R) be the 
set of connected components of the subgroup Heeij-ffe- Define a function 
rj : C{R) ^ N as follows: For each c G C{R), let r/(c) be the number of 
elements e (z T such that He ^ c. 

Lemma 6.2. With definitions as above, 

9[R,RUT]ix) = Yl 

ceC{R) 

Proof. It is known that m{A) = \C{A)\, see ^Oj. U R C A C D C RuT, 
then C{A) D C{D). For Ae[R,RU T], let 

C{A):=CiA)\ U C{D). (6.1) 

ACDCiJUT 

Then 

C{R) = \J C{RUL) 

LCT 

where the union is disjoint. By inclusion-exclusion 

p{RUL,RUT) = \C{RUL)\. 

If c G C{RU L), then the indices e G T for which He 5 c are exactly those 
in L. This proves the lemma. □ 
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Using Lemma 13.51 and Proposition 13.31 we may now deduce the following 
geometric interpretation of the arithmetic Tutte polynomial. Let S be a 
basis. To simplify the notation we set 



Vb 
Cb 
V{c) 



V[B\I{B),Bl 

C{B\I{B)), 

Ve{B){c). 



To summarize, recall that Vb is the set of integer points of the semiopen 
zonotope defined hy F = I{B), while Cb is a set of layers of the generalized 
toric arrangement defined hy RUT = {B \ 1(B)) U E{B). 

Theorem 6.3. Let C he a list of vectors in a finitely generated abelian group 
G. With definitions as above, 



Mc{x,y) 




B&B 



7. A Fortuin-Kasteleyn quasi-polynomial 

Let Q = {V, E) be a finite graph with vertex set V and edge set E. In 
|13j the multivariate Tutte polynomial of a graph was defined as 

Zg{q,^) E^'^^^n^- 

where k{A) denotes the number of connected components in the subgraph 
(y^A). The multivariate Tutte polynomial has an interpretation in statisti- 
cal physics as the partition function of the q-state Potts model. 

Theorem 7.1 (Fortuin-Kasteleyn). For any positive integer q, 
Zg{q,v)= E n {l+VeS{a{i),a{j))), 

a:V^[q] e=ij£E 

where 6 is the Kronecker delta and [q] := {1, . . . , g}. 

Theorem 17.11 is known as the Fortuin-Kasteleyn representation of the q- 
state Potts model. Our main goal of this section is to generalize this theorem 
to lists of vectors in finitely generated abelian groups. 

We define here a generalization of the Potts model which is similar to the 
one studied by Caracciolo, Sportiello and Sokal, see |13l Section 3.2]. Let 
C = {ge)eeE be a list of elements in a finitely generated abelian group G, 
and let H he a finite abelian group. Then 

Zc{G,H,^r) := E Yl{l+Ve6{cl){ge),0)). 

ipGRomiCH) e&E 
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The special case when H = Zg := TLjqL wiU be particularly interesting, 
and we set 

ZE{q,^)-= E ll{l + VeS{cPig,),0)). 

We will prove that Z^{q,v) is a quasi-polynomial in q that interpolates 
between the arithmetic multivariate Tutte polynomial Z_/(^ {q, v) of the arith- 
metic matroid Ac and the multivariate Tutte polynomial Zj^^{q,v) of its 
underlying matroid Mc- 

Remark 7.2. Notice that Z^{q,v) is not an invariant of the arithmetic ma- 
troid. For instance, the empty list in Z4 defines the same arithmetic matroid 
as the empty list in Z2 ffi Z2, but (2, v) is equal to 2 in the former case, 
and to 4 in the latter. 

First a simple lemma. For a group G and integer q, let qG := {qh : h G G} 
where Z acts on G in the usual way. 

Lemma 7.3. If G is a finitely generated ahelian group of rank r, then 

Hom(G, Zq) ^ G/qG ^ Gt/qGt. 

Proof. The lemma follows easily from the structure theorem of finitely gen- 
erated abelian groups by observing that Hom(G, Zg) = B.om{G/qG,Zg), 
Hom(Za,Zab) = Za, Hom(Z, Zq) = Z^, and 

Hom(Gi © G2, Zq) = Hom(Gi, Zg) © Hom(G2, Zq). 

□ 

Theorem 7.4. If H ^ ®i=i^g, and q=\H\, then 

zEiG, H, V) = y: 1- ^'^^^ n n 

ACE i=l e€A 

Proof. Assume first that H = Zg. Expand the product in the sum to obtain 

^ ll{l + Ve5{cPige),0)) = \{<p:{CA)^ker:icl>)}\llve 

0GHom(G,Zg) eeE ACE eeA 

= ^ \ Rom{G/{CA),Zg)\llve. 

ACE e£A 

By Lemma [731 

jHom(G/(/:^),Z,)| = = !lMlnMG)-MA) _ (7,^) 

\(IGa\ 

The proof for general H follows by observing that \i H = Hi © H2 , then 
}iom{G/{CA),Hi © H2) ^ Bom{G/{CA),Hi) © Hom(G/(/:A), ^2)- 

□ 
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Remark 7.5. Since {q + \G\)G = qG holds for any finite group G it follows 
that Z^{q,^r) is a quasi-polynomial in q. 

Let LCM(>C) denote the least common multiple of all m{B), where B Q E 
is a basis. In the case when G = and C has rank r, then LCM(>C) equals 
the least common multiple of all non-zero r x r minors of C. Define two 
subsets of Z+ := {n € Z : n > 0} as follows 

ZMiC) := {qeZ+: GCB{q,LCM{C)) = 1}, 

Za{C) := {qeZ+: qGs = (0) for ah bases B C E}. 

For example if (7 is a multiple of LCM(>C), then q S Za{C-). 

Theorem 7.6. Let \H\ = q. Then q € Z^f (>C) if and only if 

Z^{G,H,v)=q''^(^^ZMAQ,^), 

as a polynomial in v. 

Proof. By Theorem 17.41 the equality holds if and only if qiGA = Ga for all 
A E and 1 < i < k, which is equivalent to that GCD(gj, \Ga\) = 1 for all 
ACE. By Lemma 15.21 for each A E, there is a basis B <^ E for which 
\Ga\ divides \Gb\- Hence we only have to check the condition for bases. □ 

Note that when i2 C = G is a totally unimodular matrix, i.e., m{B) = 
1 for all bases B, then Zm{C) = Za(>C) = Z+. Thus Theorem 17.61 extends 
[131 Theorem 3.1] and can also be seen as a refinement of the "finite field 
method" to compute the characteristic polynomial of a hyperplane arrange- 
ment, see [2j (or its Tutte polynomial, see [HITS]). The proof of the following 
Theorem follows immediately from Theorem 17.41 

Theorem 7.7. Let q be a positive integer. Then q G Za{C) if and only if 

^£('Z,v) = g'-'^(^)z^,((Z,v), (7.2) 

as a polynomial in v. In particular if q is a multiple o/LCM(£), then (j7.2p 
holds. 

Theorem 17.71 is a refinement of the finite field method to compute the 
characteristic polynomial of a toric arrangement, see [9]. 

Example 7.8. Let us see why Theorem \7.1\ is a special case of Theorem \ 7. 7| 
Let Q = (y, E) he a graph onV = [n]. Let further G = and C = {ge)e&E 
where ge is the vector with ith coordinate 1 and jth coordinate —1 and the 
other coordinates 0, where e = {i,j} and i < j. Then m{A) = 1 for all A 
since the matrix C is totally unimodular, and hence Ga = (0) for all A Q E. 
Moreover ]iom.{G,Zq) = lX , so Theorem \ 7. 1\ follows. 



Example 7.9. Let G = and 

1 1 1 1 

C= 1110 1 

1 1 1 1 
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Then AAc is the non-Fano matroid Fj , which is not a regular matroid (see 
for example |12] ). The multiplicities of the bases are given by the absolute 
values of the nonzero 3x3 minors and are thus equal to 1 or 2. Hence for 
q a positive integer 

In view of Theorem 17.41 it is natural to define a Tutte quasi-polynomial by 



Z^{q,w)=q 



,3 



By Tlieorem I7.4| we have an analogue of (j2.ip and (|2.2p : 

ZP {{X - l)(y - 1), y - 1) = (x - 1)- ■■'^(^)Qa^, y). (7.3) 

Hence Qc{x,y) is a quasi-polynomial in g = (x — l)(y — 1), which by The- 
orems (TiH [TT] coincides with Mc{x,y) when q G Z^(£) and with Tc{x,y) 
when g G 7jm{^)- 

From Remark 17.21 we see that Qc{x,y) is an invariant of the list C, and 
not of the arithmetic matroid. 



8. Generalized flows 
For A Q E and q G Z+ define a homomorphism : — )■ G/qG by 

By analogy with g- flows in graphs (see Section [9j), an element (p G ker(^'|n) 
will be called a (£, q)-flow. If in addition i?i)(e) 7^ for all e G E, (p is called 
nowhere-zero. Hence a nowhere-zero {C, g)-flow is a map (f) : E ^ Zq \ {0} 
for which J2eeE 4>{^)9e = in G/qG. 

The multivariate arithmetic flow polynomial of C is defined by 

</>eker(*|;) eeE 

Theorem 8.1. For positive integers q, 

where q/v := {q/ve}e<^E- Moreover, 
(1) //g G Zm(>C), t/ien 
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(2) Ifqe Za{C), then 



Proof. Expand the product in the sum to get 

^ J\{l + v,5{<l^{e),Q)) = Y,\].eT{^\)\ n 

<p&ier(-^%) e&E ACE beE\A 

By Lemma 17.31 and the third isomorphism theorem 

G/{Ca) ^ G/{Ca) ^ G 



Rom{G/{CA),^ ^ - 



" q{G/{CA)) iqG+{CA))/{CA) qG + {Ca)' 
Also 

lm{^\)^iqG+{CA))/qG, 
and hence by the third isomorphism theorem again 

G ^ G/qG 



Hom(G/(£A),Zg) 



qG+{CA) {qG+{CA))/qG- 
By ([71^ and Lemma O 

rk(G)-rk{A) ^ 

\G/qG\ 

\GAr \{qG+{CA))/qG\ 



fHG) 

\qG^\\iM^^)\ \qGii>\ 



m^m \\ =^g-^(^)-l^l|ker(^^) 



Hence 



ACE beE\A ^ ' ACE beE\A 



□ 



9. Chromatic quasi-polynomials and flow quasi-polynomials 

Let us see how colorings and flows on graphs may be generalized using 
the ideas in the previous sections. Some of the following observations were 
also made in [8j, where the results were obtained by deletion-contraction 
arguments. 

Let D = (y, E) be a directed graph without loops and assign positive 
integer weights {we}e&E to the edges. Define a list of vectors £ = {ge)e&E 
in G := as follows. If e is an edge from i to j, let ge be the vector with 
entry j equal to We, entry i equal to —We, and the other entries equal to 0. 
Then we define a proper (C, q)-coloring as a map (p : V ^ such that 

whenever e is an edge between i and j. We define the chromatic quasi- 
polynomial xc{q) as the function that counts such colorings. The fact that 
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this is actually a quasi-polynomial, and that it is independent on the orien- 
tation of the graph, are consequences of the next theorem. 

Dually, the flow quasi-polynomial Xcil) counts maps cp : E ^ \ {0} 
such that the weighted Kirchhoff laws hold: for each i £V 



[e We 



where i A means that e is an edge from i to some other vertex. 

We will show that the quasi-polynomials above are specializations of the 
Tutte quasi-polynomial. This fact holds more generally for any list C of 
elements of a finitely generated abelian groups G. By analogy with the 
graphic case, we call an element (p ^ Hom(G, Zg) a proper (C,q)- coloring 
if (p{ge) 7^ for all e & E, and we denote by xc{q) the number of such 
colorings. Notice that by definition this is equal to the evaluation of Z^{q, v) 
at Ve = —1 for all e £ E, that we denote by Z^{q, —1). We call xc{q) the 
chromatic quasi-polynomial. 

Dually, denote by Xc{q) the number of nowhere-zero (£, g)-flows. By 
Theorem 18.11 this is a quasi-polynomial in q which we call the flow quasi- 
polynomial. 

We have the following result, generalizing a famous theorem of Tutte [14J, 
and also its analogue in the arithmetic setting [8]: 

Theorem 9.1. Let q be a positive integer. Then 

Xc{q) = (-l)'^'^(^)g^'^(^)--'^(^)Q£(l - <z,0), and (9.1) 

xUq) = (-l)l^l--'^(^) (m(0))-i Q^O, 1 - q)- (9.2) 

In particular, if q £ ZAf(£), then 

Xdq) = {-l)M'^)q^KG)-ME)T^^^ _ 0), and (9.3) 

xH'/) = (-l)"""'"'^''^r/:(0,l-'Z). (9.4) 
//, on the other hand, q € Z/i(£), then 

xdq) = (-l)'^'^(^)g'^'^(^)--'^(^)M£(l - g, 0), and (9.5) 

xH9) = (-l)l''l-'"^'')MaO,l-g). (9.6) 

Proof. The first statement follows immediately from (17. 3p . since xdq) = 
Z^{q, —1). Likewise ()9.2p follows from Theorem 18.11 and Formula (jT.Sp be- 
cause Xcil) equal to Fdq, —1). The other statements are consequences 
of the first two and Theorems 17.61 17.71 and 18.11 

□ 

One may of course generalize the setting for graphs by for example allow- 
ing the nonzero entries of ge to not be equal in magnitude. We choose not 
to develop this direction here. 
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10. A MULTIVARIATE EhRHART POLYNOMIAL 

In this section we assume that G has no torsion, i.e., G = W for some r. 
Then, a hst C = {ge)e&E in G defines a zonotope 

Z{C) := I SeQe : < Se < 1 for all e G I . 
Ugb J 

Consider the polynomial 

Ec{-v) := Zac {q, gv) = V m{A) TT Ve, 

where the sum is over all independent sets A in A4. For k = {ke,)eeE G 
let k • /: = {kege)eeE- 

Proposition 10.1. Let k = {ke)eeE G N^- 

(1) Ec(k) is equal to the number of integer points of the zonotope 

(2) k) is equal to the number of integer points in the interior of 
2(k-/:); 

(3) the univariate polynomial t i— )• Ec{t, ■ ■ ■ ,t) is the Ehrhart polynomial 
ofZ{C); 

(4) the highest degree part of Ec{^) is the mixed volume of the 1-dimensional 
polytopes Z{{gi}),...,Z{{gn}). 

Proof. It is known (see for instance |6j) that the number of integer points in 
Z{C) is 

^^{m(j4) : A C E is independent}. 

However if A is independent, then the multiplicity of j4 in k • £ is equal to 
m{A) HeGA ^e- This proves the first statement and the third. The second is 
then a consequence of the well-known reciprocity theorem for the Ehrhart 
polynomial. The fourth statement is then also clear. □ 

The theorem above generalizes a result proved in [6]. In fact, the polyno- 
mial Ec{-v) is a multivariate version of the Ehrhart polynomial. It may be 
considered as a mixed Ehrhart polynomial. 

For example ii C = {(3, 0), (0, 2), (1, 1)}, then 

Ec{vi-,V2,V-i) = 1 + 3^1 + 2V2 + ^3 + QviV2 + 3^1 ^3 + 2^1 ^2. 
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